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Foreword

This report was prepared by George A . Costello 1 and Sunil K. Slnha2 of the
University of Illinois at Urbana, Illinois.

The investigation was a theoretical analysis of the dynamics of helical
springs with broad application to all such springs. The investigation
was part of a general study to solve the failure to return to battery
(FRB) problem associated with the M60A2 tank recoil mechanism. The study
was authorized and funded by the Project Manager Office, U.S. Army Tank
Automotive Command . The work was conducted under the joint direction of
the Research Directorate (Mr. H. Swieskovski) and the Artillery and Armored
Weapons Systems Directorate (Mr. L. Neff), Generat Thomas J. Rodman Labora-
tory, Rock Island Arsenal , Rock Island , Illinois.

‘Professor, Department of Theoretical and Applied Mechanics, University
of Illinois at Urbana—Champaign, Urbana, Illinois.
2Teaching Aasistant, Department of Theoretical and Applied Mechanics,
University of Illinois at Urbana—Champaign, Urbana , Illinois.
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I~rrI~)DUc’rION

In this report an attempt has been made to obtain a n~*nerical solution
of two co~~led non-linear partial d.ifferentia]. eqt~ tiona. Altho~~h, thepresent problem essentially deala with the dynamic response of he]J.ca].
springs, the ri~.merica]. scheme presented here can be easily extended for
the general case of co~p1ed wave eqtmtlons.

For sevemi col4)led. one-dimensions.], waves associated with the &is-
placements u , (x ,t ),  u2 (x ,t) . . .u~ (x ,t ) ,  the general system of n non-linear
partial differential eqi.~ tions can be written. as:

a2u a2u a2ua ,
ax 2 ax 2 at 2

(1)
a2u a2u a2ua~ + ... a~~ n 

= _n
3x 2 3x 2 at 2

In the present case, the solution of only two cot~].ed wave eq1~ tions
viU be discussed; a 8it~*tion which arises in the Impact o~ helical
springs. Rowever the method can be easi].y extended to any ntanber of
co~~led one-di.mensiona.1. waves.

If one end of a massless spring is displaced relative to the other
end and the relative displacement is a function of the time t, then the
stresses in the spring are uniform and depend only on the time. The
aaeiinption of a maas).ess spring is genera].].y on the non-conservative side
as for as stresses are concerned since the stresses are un.lfoa’ml.y dis-
tributed along the spring. The problem becomes much more complex however
If the m ass of the spring is taken Into account and large displacements
are possible .

The static response of helical springs subjected to large deflections
Ic presented In the york of Love [1]. The dynamic response of springs is
t~’eated in articles by Jolmson [2] , Krebs and. Weid.’Lich [3] , Dick [4]
Gabalie [5], Durant [6] Wittrick [7] , Britton and. Langley [8]~ 

Johnson
and. Stewart [9] , Kagaw~ 1 01, 3u{ 11], Puj ara and lCagawa[1 2], Raines and
Husng[13], Eálnes, Chang and lfusng[14~ . Wth the exception of Love, the
above authors restricted their analysis to small displacements about an
eluilibrltzn position. Stokes[1 5], In a recent paper conducted an an-
al,ytlcal and experimental pr~~ram to investigate the radial expansion of
helical springs due to longitudinal impact. In an article by Phillips
and Coste].lc( I 6) , an experimental and theoretical investigation was made
of the lai~e d.eflectiona of an iznpacted spring.

Recent Ir4uirles into the significance of torsional oscillations pn
the rad.ia]. expansion of helical springs, prcinpted the work of CoeteucL1 7) .
In this vort, a linear theory was presented and the solution did indicate
rather large radial expansion under impact. It is the purpose of this
present report to investigate the non-linear behavior of impacted springs
and to compare the results with the linear theory.

Since , the governing equations derived by Phillips and Costello [161
are highly non-linear In nature, the solution of the system of equations

1
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can be obtained only by some approximate n~.mmerical technique. In this
report two nunerical techniques are described : (1) the method of non-
linear characteristics (2) and the method of finite differences. A
comparison is then made with the linear theory.

THEORY

The theory behind the method of characteristics has been discussed
in detail by Abbott [18] and It has been uaed. for solving varioua wave
propagation problems by several authors e.q. Chou and Mort lmex[1 9] and
Pernica and McNiven[20] . The method of characteristics Is capable of
handling an~y time-dependent input for both linear and non-linear wave
propagation problems, but most of the reported work has been limited
to the method of linear characteristics only. In this present work,
consideration is given to the problem of the helical spring in complete
non-linear form.

The finite-difference method for solving partial, differential
equations, is quite classical In nature. The work of Courant , Freidricks
and. Lewy(21 1~ Freidricks[22], Lees[23] , Forsythe and Wasow(24] , Lax and
WendroffL2Si , Col].atz[26J , Gourly and Morris [27]etc., are excellent
references for finite-difference methods for non-linear hyperbolic
equations. A recent paper by ~~ith [28] deals with the solution of the
3-dimensional wave equation by finite differences.

METHOD OF CH MCTERISTI(~
Consider a system of two coupled non-linear partial differential

equations of the following form :

.~2 .‘~2
a ( u , v ) .!—.Y. + a
i, x x ax 2 12 X X 3x 2 at 2

2 2 2 (2)
a ( u , v ) ~~—~- + a ( u , v ) LY~ 

P_~
_

2 1 X X 3x 2 22 X X 3x 2 at 2

with the boundary conditions

u
~
(O,t) = •(t) (3)

u
~
(1 ,t) • • (t) (4)

vt(O,t) 
= ~y (t) (5)

vt(l t) ~s (t) (6)

and the Initial conditions

u
~
(x,0) f (x) (7)

2
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v
~
(x,O) = f (x) (8)

ut(x,O) = 0 (9)

vt(x,o) = 0 (10)

The above set of equations (2) can be converted into a set of first
order partial differential equations

a au + , a av
~ - 

au
~ = 0 (1 1)

12~~~~ ~~~

a au
~ + a av

~ - 
av

~ = 0 (12)
2 1~~~~ 2 2~~~~ ~~~

3Ux — 
au

~ = o (13)
~~~~~

- 

~~~~~

-

- 
av

~~~~0 (14)
at ax

Also
aux dx + au

~~ dt = du (15)x

av x dx + 
av x dt dv (16)

ax x

dx + 
au

~ dt = dut (17)
ax at

dx + av
~ dt = dvt (18)

ax at

Equations (l].)....(18) can be written as follows:

3



a 0 a 0 0 -1 0 0 —
~~~
‘ 0

11 12

a 0 a 0 0 0 0 -1 —i- 0
21 2 2

O 1 0 0 -1 0 0 0 0

o o 0 1 o 0 - 1  a ~~~~- = o  (19)

dx dt 0 0 0 0 0 0 ~~t. du
~

O 0 dx dt 0 0 0 0 —
~~

- dv
x

O 0 0 0 dx dt 0 0 —
~~

- dut

O 0 0 0 0 0 dx dt dvt

The characteristic directions are determined by setting the deter-
m.Inate of the coefficient matrix of Eq. 19 equal to zero. Hence,
the following equation results

(a — a a ) [ ~~)~ — (a + a ) { ~.~.)2 + 1 = 0 (20)

The above equation has four roots which are

dt~ 
1(a~ 

+ a22) ± ,Aiu- a 22 ) 2 + 4a12a211½
diJ +L 2(a11a22 — a12a21) 

(21 )

and

= 

— L
~~

’ 
+ a )  ± \J (a - a ) 2 + 4 a a  

21j
½ 

(22)
3,~ . 2(a a - a  a )

11 2 2  12 2 2

Since the system of equations (2) has been assi.*ned to be hyperbolic, all
the four roots are real. and thus there are four characteristics. In order
t~ determine the differential equations along 

these characteristics, the
fi rst colt1nn of the coefficient matrix is replaced by the colunn on the
right hand side of Eq. 19 and the corespond,ing determinant is set equal to
zero. Hence, the following equation results

- — -. — - -—. 5
4 

... ._~~~~‘~4’ —
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r -. -_____________________________________________________________________

(~~. ‘~2l
du 11 - a P’-~T I + a dv I~~XL 22(dXJ j  12 x~dx

— du
~[1 

- 
a ( ~ -}2J~ — a 

[~~.}
dv t 

= 0 (23)

In difference form the above equation can be wri tten a;

~~ r 1 - a 1a~.1 21 + a Av fdt~ 
2

XL 22~dxj .j 12 x (dxJ

r (dt)2ldt dt)3
- &JtL 

- 

~~
j j~~

- - a
12

t~t~ 

~
j = 0 (24)

Thus the values of U , V~, Ut and. V at any unknown point L can be
determined by ic~ ing the~r values at po~nts P, Q, R and S lying on the
four characteristi~ passing through L and. then solving )~ simultaneous
equations obtained from Eq. 21~. Figure 1 shows the characteristic directions.

t

L
O

I x
1.0

Figure 3.
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Although the characteristics are curved due to the non-linearity of
4 

Eq. 2, it will be assuaed that LP, L~, LB and LS are straight lines; i.e.,

[u X )L 
- (u

~~
)
~]~~ 

- (a
2 2
)
P{~~- J 1 P] 

+ 
[~

‘x
)

L~~ 
(v

X )PI(a12
)
P(~~.J1 P

- 
LU t L  - (u t)pJ~

1 - 
~~~~~~~~~~~~~~~~~~~~~

- (a l2 )pI~~~PL(vt ) L - (v
t

)
pJ 

= 0 (25)

[(uX)L 
- (u

~~
)
~~~~~ 

- (a
2 2
)
Q{~~.)2 QI 

+ [cvX ) L - (v
X )QJ(al 2

)
Q[~~ J :Q

- [cut ) L - (u
~

)
~~[1 

- (a
2 2

) Q{~~-J :Q] [~~] 2 Q

- (a
12

) Q{~~- ) : Q [(v t ) L 
- (v t )

qJ 
0 (26)

where

r (a + a ) + ~t (a - a )2  + 4a a 1½
+ 11 22  11. 2 2  12 2 1 ( 27 )

(d x i P  L 2(a a - a  a )
11 22 12 21 p

r(a + a  ) - ~~~~Ta - a  )~~+4a a 1½
= + I 1 1  2_Z 1 1  22 12 21 (28)

(dx 2 ,Q L 2(a a - a  a )
11 2 2  12 21 Q

By solving the above set of L~ simultaneous equations , the values of
(u x

’I L, (v X )L, ~~~~ 
and (v t ) L can be deterini~ed at any point L. Figure 2

showS the known points (x. ;t .  ) ,  (x . . ; t~ ) and. (x . ; t. . ) .
i—1 ,j ~~1 ,j 1 ,3 1 ,3 ~+1 ,j 1+ 1 ,3

The values of u~, v~ , ut and Vt are assl.nned known at these points. Also

xj ,j = xj ,j+i . The slopes of all the characteristics at (i-i ,j), (i,j)

and (i+i,j) are known.

6
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2

t
/ (x . j +,; t i, jø-i)

I 
~~~~~~~~ 

~~~~~ x ; t~

(x 1.,, j ;t L 1 , i )

— ______—-._____ -____________ _____________ _______________ x

i-f L L.a
Four di fferent values of tj 1+1 are determined by knowing the elope of
the characteristic at (i-l , j)  and. (i+i ,j ). Hence

[t1~~+1] = [xj ,~+1 
- x 1_ i ,3.J{~~-) + ri-i ,i (29)

( i — 1 , j )

[t1 
~~~~~~ 2 

= [x1 ,j+i - 

~i~ 1 ,j.IJ ~ . 

+ t1_ 1 3 
(30)

2(i...1 ,j)

= 
[~1,~~+1 - ~1+1 1~] {~ ) + t~41~~ (31)

~(i+i

~~~j ,j+1J = [x1 ,j+i - xj~1 ~] [~J + tj+1 ,
~ 

(32~
44 44 ( i +1 ,j )

The mnaj.lest value of the above is taken in order to remain in-
siae the dos~ in of dependence. Once the cooriinates of point L (x 

~
~1 ~~~~~ 

are known the coordinates of P, Q, B, and S can be c~ nputed as follows :

7 
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_________________________________________

= 
(t

1 3  
- t~~~+i ) 

+ x . . (33)
P (.i~. 1 ,3

1 u 4 _
— 
‘ i,j — i—i ,j

t ,P fx1~~ 
—

t~ = ~~~~~ + ~~~~ (34 )

X
Q 

= 

dt) 
(t

~ ~ 
- ~ ,j+i~ — 

+ X~ ,j+i (35)
- (t~~ - i-i ,j~2 ’ 4, . • • I .

1 ,3 ~I — i ,J

tQ 
= 
[
~~

J 2 
X

Q 
+ t j ,j+i (36)

X R 
= 

dt 

(t~~ - t 1~~+1 ) 
+ xj j÷l (37)

~~ 13,R 
- t 1+1~~ )

i ,j xi+l j

tR 
= 
[
~~J 3,R 

X R + ~~~~~ (38)

= x1.,.1~~ (39)

and t~ = t 1~ 1~~ (40)

It will now be assumed that

Idt) dtl

~ ~~
J 1 ,(i- i,j ) 

(4 1 )

1~ 1 dtl
2 , Q  ~24(i—i ,j)

- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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[
~~J 3, R t

~~
13,(i+1 ,j) 

(43)

and 

~~~ 
{
~~

}
~~i+1 ,J) 

(44 )

The values of the coefficients a 1 1~ 
a 1 2~ 

a 21 and. ~~~ and, the values of
u,~; ~~ Ut and V

t can be computed at the points P,Q,R and. S by linear
interpolation. Hence

(a
pq

)p = 
[(a pq )j~~~ 

~ - 
(a pq)j ,~J (x~ - xj ,~~

) + (a pq )j ~ (45)

(x~~1 4~ 
— x1 4~)

Once the values of the coefficients a1 . and the dependent variables
u~, ~~ Ut and Vt are known at P, Q, R and ~, then the simultaneous
equations obtained from Eq. 24 can be solved and thus yield the values
of u

~
)1, V~~

)
1 

Ut )
i 

end Vt ) 1 at the point L. Once these values are known
at each nodal, point for a new time step J+l, movement to the next step is
determined by the marching forward . procedure.

The values of the dependent variables can be computed for any nodal
point other than the end. points. The above method must be slightly mod-
ified in order to ccz~pute the dependent variables at the end po Lxits.

At both the end.s ( x=O and. x l), Ut and Vt are given for all values
of time and the only unknowns are u~ and v~ at these end points. In order
to determine the values of u~ and v~ for the end. points at the new time
step (j+i) use is made of only two characteristics. For a determination
of the values of u~ and v~ at x=O (i=i ) at point L, use is made of the
characteristics of family 3 and 4 as shown in Fig. 3.

t

Figure 3

j 4 1~~~~~~~~~~~ i+i ;t i ij+ i
)

S (x ;t )

(x 1~~;t 1~~) —

1~.1 1.2 9

S -_~~~~~~~~~~~~~~~~~~~ ‘ ~~~~~~~~~~~~~~~~~~~ ~~~~—~~~S
-

.

- 

-
r ~~ ~~~~~~~~ ~MC4~4

-_ S -_ --

- - -



~ _—~ _ — —~ _ —~ — _____ S_S_ — _ S~~~~~
_ _ —

Then by knowing the slopes cf the characteristics at (2 ,j ), two different
values of’ t are determined. Hence

4 i ,j+1

= 
,
~
+
‘ 

- X
21j~~[~~~} ( J )  

+ t2,j (46)

I t 1~~+j 
= - x 2 lj I{~~J (~~~) 

+ t2,j 
(47)

In order to remain inside the domain of dependence the smaller of the above
two values is te.ken as the value of t 1 j+1 for any further comp~.that ion .
Hence

(t . — t . )
— 1,3 i,J’i +- idtl ~t - t • )  

X 11j ~~1
I~~’I — i ,.i z ’J
t, ~~~~ — x • )

l i J  2,3

tR 
= 
{
~~
}3,R 

XR + t
1~~.~1 

(49)

= X2,j (50)

and

t
’
= t  . (51)

S 2 ,3

It is asatined that

dt l fdt )
X)3,R ~ ~3(2,j)

Nov the values of the coefficients a1 ~, a12 , a21 and a22 and the values
Of t~~, ~~~ tt and vt can be computed at the point B by the methed of’ linear
inte rpolat ion as discussed previous ly. Since the point S and (2,,~) always
coincide, no interpolation is needed for point S. Once all, the values are
known at B, Eq.. 24 yields two simultaneous equations along LB and. LS which
can be solved for the values of U~ 

) t ,j +i and v x) i ,j +1 at point L.

A similar procedure is used for the determination of ~~ and v,~ at x’~l.

10
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FINITE DIFFERENCE METHOD

Equations Li , 12 , 13 and. 14 can be wr itten in finite difference form
for any gn u, point (i , j )  as follows:

(ati). . ~~x + (a 12) .  - = 0 (53)1 ,3 ‘

~~~~~~

_ 1,3 
~~ ~~~ 

51T’

(a 2 1 ) .  + (a 22 ). . ~~ — ~
V t 0 (54 )1 ,3 

~~~ l ,j 
1 ,3 

~~

— 

~~~~ 

•

~~~~

-_ 

i i

— = 0 (55)

= o

~~~~ 
~~~~~~~~~ i ,j+1

vhere i— l,2,3,...n,n+l ( Fig.4).

t
(i ,j+1)

(11 ,j)’ (i,j) (i+1 ,j)

— 
I

’ ’ ’  • ‘ ‘

t I x
1 n+1

Figure 4

The initial conditions are

u
~
)j f1(x) v

~
)1 = f 2 (x )

u ) 1 = 0  v )  ‘0t ~ 1 t i ,1

U

S - — ~~~——  —~~
- 

~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~
--

~~~~~~ — - . _~~S • S S  ~_S

.4 — -



and the boundary conditions are

= 
~1

(t) u
~

)
~+i ,~ 

= ~2 (t )

v
~
)1 j  

= ‘I’ ( t ) vt)~+i~~ 
=

Since the x axis is cIivid.ed into n parts, the distance between two
consecutive grid points is

x - x .  = h = 1j i-i

In order to remain inside the domain of dependence

k/n * ~
.} or k * h [(a11 + a22) 

_
~~~(a ii - a 22)2 + 4a 12 a21

2 (a 11a 22  — a12a21 )

This is the Von News~an stabl’.ity criteria for finite difference approx-
i~~ tions of lujperbolic equations. This must be checked at each grid point,
before carning out exiy further computations. Central difference appx’ox-
imations are used i~ the x direction , arid forward differences are used. in
the t-.direction for the finite difference approximations at all inter-
mediate grid points. Hence

= Ut
)

1~~ 
+ 

~~
,(a1i) j ~~~~~~~~~~ 

- ux)i~ij]

+ 
~~~12 ~i ,j~~x~i+1 ,j 

-

v
~
)i~~+i 

= 
~~~~ 

+ 
~~ 

azi )j ~~~~~~~ 
- 
~~~~~~~

+ 

~ j~22 )i ,~ [v~
)i+i ,~ 

- Vx)i~ ijI

~ 
u~)~~ + 

~~~ ~ t~i+1,j+1 - ut11 J .1J

v
~
)j,j+i + 

~~~~ . [v t j +l j +1 -

S

12

— - - - —-- -- - - —- - —--— - 
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Once the values of ut, V t , U~ and V~ have been computed at all the
int~~mediate points by the above formulas, the values of ~~ v can be
c~ nputed at the two end grid points (1=1, and i=n+l) by forvar~ and back-
ward-differences respectively as

(a) at (i=i )

= u~
) 1~~ 

+ 
~~~[-3Ut

)
~~~~+i 4u t )2~~+i 

- ut)3~~+i]

v
~
)1 j+1 

= v
~
)i ~ 

+ k [-3v~
)1 ,j+ 1 + 4V

t
)
2~~~+i - vt)3 j+iJ

and

(b) at (i=ri+l)

,j+1 = u~
)
~ +i ,j + 

~Et~~
i ,j+1 - 4u

~
)
~~~+i 

+ 3u
~
)
~+i

,j+1 = V x )n+i ,j + ~~[Vt
)n~ i ,j+1 

- 4v
~
)
~~~+i 

+ 3v
~

)
~+i ,j +1J

Thus the values (~Sf u~ , v~ , Ut , and V t can be computed at all the
nodal points and by the similar Marching -Forward procedure can be com-
puted for any time step.

NtI4ERT CAL CALCWATION

Phillips and Costello [16) have derived the governing equations for
the large deflectio~is of helical springs in which

au = (v sina + cosa)slnct (-~Liv sinct + coscr) + cos2ct
X 

t.
1+v X -

~~~~
L1_ (1+u

~
)2sin2aJ

a12 = a 21 = sin 2
~
(
~
+u
~
)c0s

~~ 
- 

____ 
- 2v (l+u )(v sincx + cosn~~

a22 = sinct f~ - v (1+u )2~j~ 2~~. 1 w ;  x j

S.
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The spring for which the ntznericel values have been computed has
the following specifications

Ntinber of’ coils = 3 5

helix angle ii 0.141815 radians S

original length 1’ spring L = 1).O In

orig inal mean coil radius R = 7.06 in

wire radius r = 0. 591i. in

Poisson’s ratio V = 0.29

m~e spring 0.1093514367

modulus of elasticity E 30 x lC~ psi

initial compress ion t~ = 6.5 in

axial strain £ = U~

rotational strain ~ = v~
initial conditions are u (x ,0) = -

~~~ , v (x ,0) = 0x x

u
~

(x
~

O) = 0 v
~

(x ,0) = 0

the boundary conditions are

u~ (o ,t)  = 4 1  (t) given (velocity of the impacted end x = o)

Ut (o ,t ) — 0 u~ (i,t) = 0 v~ (l,t) = 0

The velocity of the impacted endUt (O ,t) — p ~ ( t)  is shown in Fig. 5.

The results of the method of’ characteristics are shown in Fig.
6, 7, 8, 9, 10. The axial strain, rotational strain, axial force and
a.xia]. moment are shown at the impacted end x = 0.

The results of the method of finite differences are shown in Fig .
11, 12, 13, 111. The axial strain, rotational strain, axial force and
axial moment are shown at the impacted end x = 0.

111~
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SUM?.~ RY AND CONCL~.EI0!~
In this report the d.ynamic non-linear equations of motion for an

impacted helical spring are solved ni~nerically using the method of
characteristics arid the method of finite differences. Both results compare
favorably. The non-linear equations of motion for the spring are presented
in the attached paper(16). Also attached to this report is a paper [17]
which presents a melfiod for determining the radial expansion of the spring.

The results in this report and the attached paper [‘17] indicate that
when a spring is subjected to an axial impact with an end. velocity dia-
gram similar to that shown in Fig. 5, signi ficant torsional oscillations
are set up in the spring. The results also show that at the impacted
end, for a given time, the non~3. axial force can be relatively small
while the axial twisting moment can be rather large. Under such conditions
It is possible for one end of the spring to Blip and rotate relative to
the other end. This rotation of one end relative to the other end may
cause the spring to vial ~p on the inside cylinder surrounding the spring.
If this occurs as the spring is in a period of large cOti~preasion, it is
possible for the spring to tighten up on the inside cylinder as the spring
tends to expand. This tightening up of the spring would introduce rather
large frictional forces on the inside of the spring and. hence would reduce
the springs ca~ie.city to expand. This decrease could result in a possible
hang -out-of-battery. It is also possible for the spring to slip at the
ends so that the spring contacts the outside cylinder. The frictional
forces on the outside of the spring may also be sufficient to cause hang-
out-of-battery .
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G. A. CosteUo Radial Expansion of Impacted
Th...~~~~ .nd 11 Helical SpringsAppled Mscta,dc~,

U,d.seu~y .1 I~~i~i .~ U.bw~..CiI.mp& 9’l. H
UPb iia. . ~ s.%. ASM(

I A theory is presented u’hich sill predict the radial expansion of impacted hei r-al
spri ngs This becomes important in cases uher, ’ the spr:n, is surrounded i~ a cylindrical
constraint because of t he possibility of excrssii’e u- ar The results show that the dynamo-
.c radial cx par s on con be much lorg er than that predicted by statical methods

In t r odue ti Gn X

Helical springs at,- used in many cases to  r psist impa ct loads I
and , in certain ins t anc es , the springs res is ting suc h l ad,, are s ur- I
ri , ii nde d by . -y li n d ri i ii constraint s . Sinc e th e ve locity of t he im I
exists ii the spring comes in contact with the cy lindrica l con- ox
i’sc t e d end m a y  be rather large , the 1H S5l?i i l i t Y o f ( ( ( ‘ , , S IV P  wear F +  .~.E. dx
itrainis The dymian ic riolial .‘spamisi in therefore l,ecmncc an 

T + ~~~~~ dxport ant (•~tor in the design of such a sj rlng
l ove ~1J, ’ prese i~~s e x pressli ns for th e Static TCSPOOSC of h .ical

spr n~s su bjec ted to large defl ect ions . The dynamic res ponse of 
~ + ~~~ dxsprings is tre ated iii articles by Johnc o m, 121. l)ick f 3j .  Kr e l ’ i and

Weidlmr’ h 14 1. Gc’ balle 7~ , Kagawa ~~ Rr it ton and l ang ley Ill,
Jm,l,nsoii aii’l Stewart sj ,  \V it t ric k j9~ and l)urant 1101. The forego . 

________

ing author , , wit h the exception ol i ve , have restrict ed th eir anal .
ys is i i  sma ll di s placement s about an equ ilibrium position.

In an .rti cl ~ i v  Phillip s and Costello ~i i~, a t heoretical and cx .

I ~~~~~ 
dxperimenta l ,nv estlgatmon is made of the Ia - e defl ection . of impact

ed springs. Stokes 112 1, in a recen t pa ’mer , con ducted am , analy t ical
snd ex perim ental pr .gra m to inve s tig ate the radial expan s ion of
helical springs due to l i m ngiti ,d m na l imi l l ia c t .  (if t he 10 tests conduct-
ed onl y one sri . 1  photi .grap hic res ul ts wa~ s harp enoug h to ii til ain
mra,,ing ful data on ex pans ion. Also . St oke s indi .tes that his non-
i iis ini co mples i t v  m dcl , “does not take c u d  effects ,nt o acco unt
and therefore , s tr ict is .~waking, app lies onl y to an infinite spr imig . ’ I~ 1 ~Ii i~ fe lt b~ t his a l t  lior . aft er ol~ c rv i i i g is h In, o f t  he dy n amic ,m-
pact iif a Iii’iic,,l s pring . (li nt t he end effi ’ i’ are ver y important.
S ig mi mf u c ant tor s ion al oscillati o ns can imc i -ii r in t he spring l one en d It if the s pri ng is fi~ riI a result of t he ref lections from the fixed end.
It i’. the pu rpose of t i l l s  paper ti present an cxpre.aion f u r deter
,, i ii i im ig th e radial m ’s l , i m ,s u.un of imp acted s pr ii ,gs. P1. I Typ4cat ~~~ aismaid

Theory
Numb rs in t ,xa ~ket. d~~ignaIr R.’fi’o’nce, at end of pnp,.r

(‘ ,.nirui ,iui i’.i i s  I t i’ i’ i~ - I  ~Ie i l l  • l)i, i n , ,  .,wl i ’ -  ‘,u’ni,’ i l a m l,. A co naiderat mon or the variations of the ax ial for ce F and the
r A,,n,i~iI ~i t . i i -,- t t , , ,o u,,n lisa. . N’..~,,,, I.., 5 1h’ri’n1ii’, 4 i~ ’’t, , an ial to rq u e T leads (ii the equ al (ins of mot moim for a typical spring

..rTIIi ” .~~IHtli ‘~s ~~5 lI” l’Vfl~’ t t f u II tN t  t i .  I:N INI.’l i t ’ . element , Fig. I.Th . resuil ti nf u’quatii .n . are deriv ed in 1 1 1 1  antI are
“i i i i .  . 11~~r ,h.s,kl I.e .1.1 re -il t , ,  th e I . . t i . . , ., l fle1~~rt -

men, , A pt %ll . t ,,i~,’,t I’ . -
~~,i,* ,~~in5’ t ’ i’~i6ii , ii . i’ s.? 47 i 1,  Sin-,’i Ne~ York , presenled lieu’ h r  further disc,iaiu iimn A suinniat i iin of fo rce in the

\ liii 7 en ,1 • II in’ .u.e~m n. ii o i l  i ’ . i,,,igr ~ .~ui . I’ . , ,  I ~~, ii..,, ’ , xv x . d , rec tii ,mt yields
C,’,’ ~‘iI ,iii , - ? iii,. Ii,, ’ • II is r.’,oni.•ii ~l ‘ i.i.rr,~,m t i C  sell  I s  % .s\ l i - 1 

~m J~u 520 j’O~.i,.,I SI ,- , h.,m,i, • i is i n . IeIwii.,e ~ I ’u .. u i , , I  V r* ,ni,, fl . .Iii,~ - i i;., I’ .ps’ r a - — + b — — (I)%Yi A .%i’ ~ I .~. ~~ j i’ ~~
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w hile s ‘eu mmm ,at ui im i .1 rm iiim n ents about the a ax i s  yields wher e

+ c ‘~~ i O  
(2) o U t )  £(u) — f  s I x , lIe “dl (13)

~~ ~~a

whi’r,’ The h.i mn iiger,einis solui ion iif equations (11 )  and 112) is obtained
by assuming a , ,, i i i i t i o r i  iii tli. ’ forma r u t’ - . -

— — , u ~~ n w  - — P~~, t — ( / ( A f h , ?fI ~l ) i I  (3) - -It I, I, h u~~~c~ i- ’ aus d u dsi’ ’ ((4)

C 2 iF - A soinsu i t  iitii,n of equmation (14) iiiio equations ( I I )  and (12) (the
a ~~

-
, 

- -  — (~ — .

~

—

~~

--— 
~~ s in a (~~ ho mog emu et. ii s equation s) y lu l i l’ .

r~ ~F r aT . 2 (a 4 i - ) s ~ 4- s (a + c ) ~ .s~ 4 (ac .~~~~).,,4
b —  .... -‘-‘ ‘ — ‘ ~~~~ s ifl 2 a COa a (5) 11. ~ - - ---‘-- -— -— - - -- ( I.,)

b1 ,‘~ ‘ b / au I 4 2 (or — ti

r a T  ,‘ e -, ~~~~. and
c — I I — ‘— s ir , ,. sin .. (6)

F! efi \ I + p / (g 2 — or5 2 )
d5 w ——-— --——x’s (16)

and is the a xial , i , , , r , i i i : . i t r ’ , ii is t li.’ ax ia l  Ilis li lacen lent .1 the brs 2
spring e l - r i , ’  i ii , t is u r n ,’, . 11 is the t o t a l  ‘ ii i’ .’ i f the i.Iirili ~,’ . • is the
ri it :i I i i . ,~~ i, f  t hi’ spring i i ,  no, iii a bou t i i , , -  a is  s , r is t he oud ii,, of The particular solution is
tIme s p ri m ug hel i x i n t h i ’ utisi ret ch c r l l ’ ’ ~ 

l i ii , li us uhu’ l e n g t h  cii the —apr ur mg in the ii,i’ .tri 1 , 1 : 1 lwisi t ii,fl , , is the r-st t , ,s i im n a l str a in . ‘ t i / , ’ r , u~ — 
— (I — ~) and f’,, 0. (17)

fi is thr r i,ts t  ill.il St 0 ii ni l / i n  I. F is Vot i ng ’ s nuxiulims oh the
spring mate , isl , . is l’ ’ ’ i ~ -,,, n - s rat io of liii’ spr in g iii inc,’:, in is t t ie l’ i1 i i i  i i  ‘ ii ( 1 ~ii yi elds four r i o t s  and h~mscc the Milut nm fur thu
ang le which t h e  ta ngent t ’ ’  the h u l a  makes a ‘ h a  plane iieriicndic transforme d variables can Ii’- s s r i t t i ’ i i  as

ular to the ax is  of (hi ’ helix in t i ”  i n s t  n i t ,  i d  p .s l tuon and I ls Ihe i~ (x x)  = c i(s)e ” + c 2 (s)e ~~ ’ ’ 4- c2 (c)e ~’’
mo mnx’ni 1 ni-rI i i  of the :1,  ila r n , , , ’. cectu o n. It is assiiiiii h ill to
f i ’ rc, ’ ’ ’ i ’ i,, equat ions  that t ime air,’ cli ’,’, s i i t i ’ nl i s ’ i r i  J l . i i  The . c 4(,s)e ‘ ‘ ‘ -4- (1 — ~) (IS)
(or , y ’  ‘ i i  I heum rv , boss i- . yr . can he ea~ m ly ni itt u te r i ii , innchiii le us ire $
cross i i ’ .  hav ing ei1ii;il pr inc ipa l ru in of g \ r a t  liii Ii siu iiiltl arid
als i, I’. - emp hasi ied I P ut the th e ir v as su t r ie s no contact ( i - I  .vi’en

adjun - eni t cm , ils ~U, a)  dm (s )U’i’k 4 d2(.s ii ‘ ‘ ‘  + dn(s )c ” -+ d4(s Ic ~~‘~‘ (19)
Im i the present us - u m u , it will iii - ss~ i i  r i  that the s pring is i liii ~ ~‘ w here •

compre ssed an amount ,~ , je w it us - is t  ‘d , and is (mli i? iiinil,’ss . Hence ,
imu t i -r i , ,- . of the dim ens ionless va r in h lr s 

em — ‘— ~~~= and c’ ‘ = s/fl~i . 1/sin ,, (2(1)
1 4 ) 0 . 0 ) — t I  — x ) . ~ , ~/ t . 0) — 0.

0 
Equation (1~~) yields

(l) ht . a n d — - hn . fli = 0 , (7)
it st d1 — gi c 1. d7 gu r u. da us g2c1,, and d4 = g~c 4 (21)

w ho- ru ’  ,~ ~/h - The end of the spring at a = In is fixed and the end where
At (1 mu. II ’S  n i-il ri .1 Ii, rotate hut has sun ixxual displumce ment

- - . ‘ (si ll a — a ) ismn un Iwhich is a kn mi -us n l i i , ,  l i i i  mt l inme , fill rlme ’,i’ i i i n i i h i t i i i t : s  can he gm — -
~~ 

- - a u g 2  — ( ‘ — - - — a) —, ( 2 2 )

ex pr es se d as b I + • b
- . - A sat is f ni - t i i inn of the t r l iu ivh. inu iu i ’ i l  b, iuntIar y i i i .  i t u , n i sU(l . t l  0,i ( 1 . 11 w ( J , ( - i0 , t )  1i ars d U(O t i  

~~~1U) (8)
0(0,s) b(l . s)  O i l s )  O,:un,, l iu(O . ‘I I(s) (211 )wh~ rc 7w J,i/,

(~~i u i r -  a s ’ ’ I i u t i i n  ii . 1 ~ ( us hi ,  Ii S R l i ” I i ,  ‘ the equations of mt u- rcsnl t , ,  i
(kin i i i , )  I lie initial ant i l m . i , I i ) i n i  i riiiditi iuiis , the ra i l ia l  i-s h . uu u s i i ,ii 

.~ ‘I.of t b , sp rum ig can I,, Ii r i , - , I If the ‘~‘ ,h iii,tu ii. knn,w nu . n i - u  , 
c e(s )  — — --~~~~~~ (J ix i  — — . )  ‘ “~~ -

mU /m n ~ rud d — r(,u#/ax I i n , -  determined cuttd liii’ riurlial expansion g2 — gi _~ “ —
c~~ he cim lctiiated luy , 

‘ ‘ i u i l u i n u i i g  (lie eq uati ui im s t I l l  c2(a) — —
~~

-
~
-— ( Is  — 

~~~~~~~~ 

—

0~ Pa ~~gt a e ” —
. — , — I  19) - -ama Pu / ‘~ \ C

— (1(i) --

and ti Pa ‘, S i’ - ‘ 4’ “

I .~ and
$ — ‘  — - I- cosn i — c m, s .m ) (10)

a m , ,  \r~ ,‘ Pt  / .~\ 
I””c4 (a)  — - LI(s) — ‘

~7 (24)
wI ru c i is the rad i us if the s) ir m u xg in t ime stretch ed Iri s i i i uu i i  ,iiid ‘. Ri ~~~ ~ i’’’ - - I’’

is t hi- - ‘ ic I.’ wh uch t Iii a ui i i ’  iii to the belts nuuuke* s i t  in a ( u lum im e per The ex p u ‘ m u eu ut al (au- t ,urs appearing in iqo,il iii (24) can lee i’ s p ,nnr l -
pemid t ~~ita r t im the ax is of the hchi ~ iii th e ni ur u ’ tch e ’d pins itu u)n ed in power s e ’ rm es. i c , -

Solution 4’

P’.quma t im ins ( I )  and (2) become, aft er taking the Lap lace Iran ,- C “
Form and

gig, ~ - —a - - 4 b—j a ’u — i l l  — 2 ) . ~ (II) — ~ 
~~~~~~~~~ 1k — 1 , 2) (25)ill ~‘ ~~~~~~~~~~ ,~

b + — (12) Kn rm ssi m ,g the ~ ,lx,lju,n for (4U, s )  uii,l ~ — ~ (E ~). t lit’ inver se
aft t ,, 2 tr a,,sht irn , can I.e uml ut n , im t’d ‘l’he rm’s u It is
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001l

— 000i

0 -- - —~ — 5’r- —’ - -. ~~~~~~~~~~~~~~~~~~~~~ — -  ---- -~~~ —a- —

-001, - - -‘ ~~-~~~~~~~~~ -—  - -~~~ i —~~~ 4
004 005 005 015 

—

~~~ Out 00, 002 ocx ooa ocx sos oor OOs

is’s t .ica.mds) I ~~~2 O scsiuSid sad vitally cses. 04 Swigestad ..id .4 apib., n . ~ la~~ai lupsalto. at bIip.ct. d sad of speU~g

-ox  — -  - - - - - - -.. — -— Numerical Results

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Numerical resulta are presented For a given sprin g with the (ol .
lowing charact erist ics:

- Os Is — 1.I938 metre
r — 0.157607 metre

A - 0.254 metre
e — rad ius of spri ng wi re 0.0013081 metre

E — 20.68 x 10’° Newton/metre 2
w hi — 212868 kilogram

000 p — 025
Numbe r of coil ,, 6I

Ii

- -~~~~ --  

-sos Fig. 2 shows an experimen ta lly obta ined displacement and velocity
-004 curve for th. impact ed end of. spring with the prop erties just list-

ed. The endmi of the sp ring were restr ained against rota tion .0) - —
00, 002 

- 
005 00* 

— 
005 004 001 001 In ordar to illustrate the radial expansion of the spring, the

i usmc..4st values of the ex tens ional st ou n u and the rotationa l stra in ~ are
rig. i Iato.st. , .4 sad eatadonal sSral ,, al iIa ki,p.ct.d sad .4 spic i computed at the impacted end a — 0. The following equations de.

(ermine ’ and ~ at a — 0:

g,e ,k -— — ~~ I’U — 2neuk)HII — 2ne m kl

0(2 . i )  — — 
~~ LIlt — ,,(2n + 2 — 2 ) 1  —

— 
g,e ,k —

(12—,,)h 0~ 
rh — 2(n — I)e u kHll — 2(n — 1)e ikl

X — .t( 2n + 2 — 2 ) 1  + ___~!,_,,, ~ Ill) — Cu(21t + 1)1 —
1, t Im ’ O 

— ~~~~~ 

~ r (t — 2ne.,,clu)H(t — 2ne’,kl
X H~i — e ,( 2n + *)~ — ---

~~~—-- E )Jji — c,(2ss + 2— 2 ) )  — Al ~Si t2)h.a’ i

St — S,o—0 _______ 
—

xH(~ ~~~~~~~~~~~ + 2 — 1 ) )  L - ~~~~~ + 1 ) j  - At ~~~i ta )~~~~~i ’ 
- 2(n - i)e.2k)

SI — 5 5 0 — 0 X lI)t — 2(n — 1)e 5*l — (28)
X H(i—e,(2n +.t)j+(I—1)A (26)

andand
-

~~ tt t 2~e t h!tt 2nv,k I

Si Sm o—O
-

to — Si....
— 

Stt$ ,i’~ 
~~ 

f(t — 2,m~1k)H)I “ 2ne-~kJ
X Ho — e1(2n + 1)) — —~~~~~ ‘-- L I/li — ,,(2’s + 2 — 2)1 — A~ (gs — g2)h

Is — Six—u

xH(l — .,(2n + 2 — 2 ) ) + - - ~-~—~— ~1 VIE — r i(2n +1))  — At (Si ~~~~~~~ 
— 2(n — I)c2kIHI: — 2(a — 1)e’,h) (29)

Si 5 i o—0
where)H(i — e,(2is + 1)) (27)

Is — (M,’h/M)” (30)
wh.r. li(s) is t he um mi t ste p function.

‘Fh. local st rain . , — ,xu/21 and ji — au /ax — ,(a~ /az l can be oh’ Fig. 3 shows plots of , and It. at z 0, as a (unct ion of time w huI~ —
taine’d by differentiatin g equat .,.iia (26) and (27). Fig. 4 chow, the radial expansion, at z — 0. an a functi on of tim e as

Journal ol Appi bed M•chanlcs DECEMBER 1975 / 79130

C



determined by m’ u )u iat  - - i . 1 anuu l ( 1 0 ) .  The plots in F i~’ :I soul 4 are 2 Johnson . C . ‘A N.-s A pproac h t i  t im’ f l u  oem of l) y nsm n ui mdl y l oad
shown iunl~ fom l u m nu ~‘s u i f i  f i r  i i  ill si - em) l~ate n ’ ,i.,fm annul l u . n u i urr . ...u im n Sprin g’. . ’ - l l iA -s  ASMP; ‘u u ul  71 . A1o

l i the m u - s  tif (he —~~ r u r u i  us mu — c l. u tu-u) . lii i.!ni.iri i i ,  thu - ~~~~~ 
t i m l  ~ip 215

unuI..rm an iu l l - u ~ us , ’ ’ 1 then i i  - i t .  :i r rm iux i n i q iu nu  - t r i m  it, the ~3 l i i  lu J . - Slu,.u k ‘ ASs u s in } ICliral t - r i , i i. . l i i . -  F .n i r u i - i . A ,ust 0.

spr im ig iii m i - 1 1 4 ,.I ~~~~ u u u i u u ~ i i . ,  rnm t a t u i i un at i i i -  end . s u n  - I .  I ra-
dial e0 1, , u i u - - i - - u  m u l t i  iln i .mYi J nmetru ’ ~ll ~V Iui’ n t h,’ m nu , i ’ . . u , f  the s ; u r u i u g  is 4 ki . I.. . K - animi lu tm ’ uu l l iu  Ii . ‘N , /u u n lIe..,..’ der Schri,s lmc,mfeder ,’’ A
unit ~u i u i  l u - i Iii.- i.iri-giuing iii.- - , - . pr ed i cts at a — O u r  ia u - s p u n  

. f u ~ u u. . I t . . ‘ i i  :, iti:~ ..

Sian at I — (I I II; ~i ‘ i - c iii II (ii li7 - r i  n - n r c  i ur mm,,— t1u~ ui i i n u u c. ,  that u~m 1 I.- . ft . it it i S ~iiit I )Vfl l i muu . 1  m. ti m-lu rid Spring ” A r r m m ’ i , r a n
J...uenuml f J u ~ . , . . ,~ - V i~~ 5 . I:I~, r p ~M 7w hen the ma- .s is imu’g ln’cted

1. Ksgaw-a . V - - i l - i  the I i-m~nii uiuuui m.i ‘ r ip ... ui- - i f Il.’Iir,.l S I u i u r u & -.~ 
m l  F’ ,

Summa ry and (‘ n um it - lusiuutrs tui le.’gl h With Suui.ill Puiu lu , . I ’a, ,uu uu l  .,/ .Suumund V,ba.i,o,i , Vol j o -- mt

A th e,mr v has hi-i- n i r u  .m i m t i - - t  whoh  w i l l  r i d  t t Ime ru m r l ial expan-
- 

- 7 B rit t on . W C It - ,uuu l I.uiuig l rm t; 0 , ‘-it n - s  Pu m i - .,- l i sp - - i - - l i - u i
sian and . u  - u t r ~~u I iuii .1 ai m nn u~ i.ii i i  hmul.eal • l i rmf l l  In thu ,- i u uum t ’ unv eu l ‘if u u l i i u u m u -  ui 5’. 1 1 u  ‘ m u -  I i  . . I ,u imiumu i I of S u m m i t  Vi lui’ot,or.. V i i  7 I uu~ -m
t m o ns . 1  mot ion . il - mi ’ i t -  It m u u i - u i . . so - r i -  iu-.’.uun ntt-d u u , i u - . iu i i . i  and l i m l u - , 

~
u -i i .

t he u’ i juiu i tu i un ,. , )nu’euurnii - l m u u , - r I h u ., a~- -~ u i n n n ; u i u u u n  u- . s u - r i l i m - ’ l  hy the r ’ . - ii .lmm I ui- .uu.’ H 1. , so il Sim’wart . E: F I r .u uu- j , u Fu iuuu i ,u, ru s fiur 1 1 . 1  - ii
perinrnu.nLaI iSuirl. u l u l m u u l i l m  anuil ( iOu iu l l u u  1 11 1 . I lin. theory i~ OS S f . l . t 5 - ” Jot,er,ui l  0/ I-

~ru e .  ii for / ru i lui ul iu  - t lI-S N1- ASMS . v.1
sumes mm csmntaui between adjacent coils Su m~~., li 194i9, p. lOl l

‘rhe rc- u u i i t ’ . si mis  that the dyiiuimic radial rI ,’ f lt-ctm iui i can  be 9 W i  i ui - lu - IV It - lnii,eriu~i,u,riol Journal of tufm’m Ii a rmirm ~l .Su- u u - - mm- s . V o l

unutmc h I .urgu - r  than t h u  predicted fr,im a ru ms - --li’s-. I ba - -ri It ~lu ui lm t  it . 19G(t . p 2fm.

also lie u’ mp hri s i7i ’ml that  a larg e pu n- f i..ui -I the lu f l u e  ili um n, timmi’ iii 10 l P u r o u  I - N .t , ( lmm m r . - In Journal ..f ‘.lu-~ lu ’ un uu ma I A pplied Mattn m’ ’rn,mt

n I h -, l u , u u m s  from the is -- b  n’ mu i l . 0 m iii l u i u i u u m  mu i’ g lestcnI  mu the u . , i - r k  iii ‘~~‘ ~ I Si i

- II Plu i l lu  -s . f  iS au,1 i - u i r i -  II. I. i r C -  I). ilu . i u i m u u ’ . iu f l u m u t u n u u i i dStc. kc ’. 1121. I I .  Iii . 1  S l i r u u m t - s . ” I - - u r n . 1 of f l u , - A ./  5 . .  u u - i y  of Am emu u-a . V u,l St .
IS: 1- p i ii :
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Large Deflections of Impac ted Helical Springs

JAMES W. Phl1t.LI rs AND GEolicE A. Cosireeo

Dep .rtmenl If Theuwelicol ausd f r~J ied Mechausics, Uaiwrsity of Illh,,oi,, Urbaaa, Illinois 61801

A t heoretical formulation of the large de6ectioni of helical springs is given, and coup led nonlinear equal ions
of motion for a typ ical s; u ni mig element are derived- Linearized forms of these equations are solved numerically
and compar ed with exp erinmenta lly obtained st rea k photograp hs of an impacted spring. l’he agreenient
between t heory and experiment is good, as long l.a adjacent coil s of the spring do not touch .

LIST OF SYMBOLS

c radius of spring wire , or other character istic V azimuthal displacement of spring element
dimension of wire cross section ii wire is not r, impact velocity of projectile , positive towards
circular spring

c1 “fas t” character istic wavespccd x axial coordinate
c~ “slow” characteristic wavcspced a, Oj ang le which the tangent to the hel iu. ma kes with
l~ \‘oung’s ‘.ssod’.thts of spsing material a plane perpendicular to the ax is of the helix ,
F axial force in the unstretched xnd stretched positions ,
G shear modulus of spring material respectivel y
I,, Is5 length of spring in unstretched and stretc hed 5 rotational strain, Or/ h or r8 /ax

positions, respectively y, ‘y~ total helix angle of spring in unstretc imed and
/ moment of inertia of wire cross section stretched positions, respectivel y
J polar moment of inertia of wire cross section 

~ change in total spu ing length fro m t instrctc l icd
L total length of wire in spring, assumed constant position , positive for extension
if total mass of spring extens ional strain , ~ !h orm mass of project ile impacting the spring 

8 ang le of tw ist of spring about x axisp. pm pitch of spring in unstrclched and stretched
posit ions, respectively ~. ~m Curvature of helix in unstretched stud stretched

,, r m radi ums of sp m i ui g helix in unstretched and tim-Is, respective l y
stretched positions , respec tivel y e Poisson’s ratio of spring material

S maximum shear stress in spring cross section e maximum bendin g stress in spring ct oss section
I (is-nc T, TI torsion of helix in unstretch ed arid stretched
T twisting moment about .i- axis positions, respet-tivel y
a axial displacement of spring element • rotation of spring about x axis

INTRODUCTION Love’ presents expressions for the static response of
helical springs sub jected 10 lim rg i’ dcflcct ions. In a mo reIn ninny engineering problems involving the dynani-

ics of spr ings , tim e t nnas s of the spu-ing can be neglected recent wor k , Johnson ’ li s ts  formulas anti ulu-r is’stiou is of
am id it is us t iail p - assume d th at fli t ’ sp rit ug is l ine. t r . ‘I’l L ~ 

a design procedure for d)-n~tInkaIly loauk’d u- s t t- n isio i l

itSSUlIlptIOns allow - one to form u lat e th e problem ~~ ~~~ 
and co mpression sprin gs . In an ar t i t  Ic by I l it k ,’ t iuc

in many cast’s a closed-form so ltmt ion is possible. The .xnal)’sis 01 a simple sho t-k wave in a helica l s pri t ig is
problem beco ui mes mtm clt more t o mn p lcx if one concid ~rs dis c tt ssed . Gt ’ luall u ” rev iew s a theor y Iir cscui t c,l b’, K rt - Ius
the mass o f Il ic 510 ing .tnd SSSUII1CS that l.u rgc d isp lacc ’ and Wcm d l ic h .~ This I rc~tt mite nt is c or rtt I onl y w hen 

—ments of the sprung are j~ssible. the sprin g c~ lensi0ns lie in a limited reg ion near the

The Jawn,.I .1 the Aceast ica l Sooels- .1 Aawnic. %7
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P H I L L I P S  A NI)  C O S T E L L O

or , since ~ us a linear function of h ,
I

i~ ,F  T c~~ \—~~f 4( -Th - , v~~~, -L (4)
h uSEr ! I. r~ r

I ~~ Similar rcniamks calm he timade essn( crning F;i1. 2 and
- hence

- 
Or / 1” 7’ c~~ \

- In, I. Static deflection of a :- . - 
, r, -

‘ 
- -  F (5)

helical spring . Ii s~I~ri J r 1 
~

h 
Now, for a given spring, e, C r , and f’ r are eOt isl , iu i ts ,c- :~~5~ ~~~~~ 

and therefore F,(15. l and S can be w i u t t en  SS

I (t”~ 
1, F r 2 Fr 3

I and
F l  Or ‘F  7’ s

(7)
I, Er ’ F r 3

unloaded length . I)urant t derives an expression for the ‘I hese equations a u  lie inverted to read
s I t  s’ss in a d~ tiamica lls loaded spring in coml3tess iOui F ‘I- r ’ - - - ((, $) (8)
w hen thu helix angle is stuu,ull . In a paper liv K agawa ,T 

‘tn d 
/

( lie lang it tidiunti anti the I o rsio t ia l vibrations of helical i’ll- r3 =— (efi) (9)
s~

i g~ u f fi n ite length ‘~ tb small pitth are anal yi_ed . - g

A w i l t -  I , t t i l s itort- d umat ion pulse techni que was used In order to deduce the funrt ion~iI form tuf / ansi g, nm

by flrilton and Langle~ to investigate t he stress wave may now refer to l.uve ’s woi k (k~f. I, P 41 5) on t h e
prop agati om i in helLa l springs. In a paper by Jo hnson ge ner al theory of betiding ansI twI sting of thu i ui  rods .
and Stewart ,’ trans fer functions arc presented for At this point thc analysis is re’, t t  icted to win-
he~ - a l springs. \%itt r ick” cons iders waves in sprimigs sections having ( :s f Ull pruncupal radii of gyrat iotu , sui.h
with large h elix ang le . as c ircular or square cross xci liiiuis . 1hen

With Ihe t \ t s h i l  urn of Love, t he investigators men-
- r COSO s / 1tmoned al ovu- have r estr icted the i r anal yses to small — ( - — 5fl -I4-I CO5o ,—Sino COSO

disphan-t u Ohs  abotit an equilit rtum posutton . It ts the El V i I v

pur pose of Ib is paper ho esl c’nd Love ’s ana i~ s is of large
st atic detlections t o the ease of large dym ’ .t uu i u c disp lace- Y / V

nwnts. Of particular interest is the es h ih iC it solution Sifl o 1~
5 

- cos icis _cos ia) (10)

v (.c , i’) for an impacted spring, and 
I

I. THEORY Ti’ Sina1f r 
-

——
~~~~

—- ( — SIfl am (OSu3t—51fl0 i -u ,

El 1-f u’~~r u
A. Force—Strain Relat ionships

Formally , t he s ta tic end disp lacements  ~ and 8 of a +~05~1(~
r 

cos ’am —Cos ’a
’

~ . ( I I )
helical sprung with mater ual propertIes 1- , ~‘ and gco nu- uS c i /
etr ic par am nelers h, r, c, p tan be wri tte n us

Making u se  o~ t he geometric relations
f m ( l ’ 7 L v h r t p )  ( 1 ) p=2irr tana, ~m 2rr m t anai , (l2a , b)

and
(2) 

k~- I. sina, h1 I. s in ai , (13a ,b)
- (N )

where I’ amid 7’ arc the a’,u .ui force and torqu ie illtustratcd
in l u g  1, Apply ing the th eor >- of cl u nit’nsit ,ms ~uI , u u u , ul v sis h/i’ tano , ‘~m = hm/ r m tana1, (l5~ ,lu)

to h1. 1, one can obta im m t he  u uu i um e useful reistionship aiol
(16)

a , F 7’ c p h~ one determines th at
—— 14 . - -

. ‘, — , — , — 1. (3)
r \ Fr’ Fr~ r r r/ - a/h sin~ u/sina — 1 (17)

968 Vohime SI Nvmb er 3 (PSrt 2) t~72
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and
cosa, —costs ). ( 18) (J_) 

1 +

At this stage , t sh ,~ h I u h i V r u - s s I u i u i  ields for m ulas for 
-

st ri- sxc -s in tI tc w i r e , at I . i - t  for a i t  Ii u i - s  S e , t i u u i i , - - -

this iuufuuu ~~i .st iou is mint r ‘H° 1 for the dr~ ussmon to
follow. l<~- .1Hi .~ t hat Ihe ;nv .itu r,- and i u , r s i I , i i  i f  a I u • ~~~ dshelis are guven l~ dx

C - - CO5~a . r , o~ us ’u, . (Ii)a ,hi I

1=  Siflcs I I’-u, I T~ s h i m I ‘- u , 1 , (20a ,h) — 
th~

and that t h e  I.cnding m u - o r  i f  ho hhu - a u -  equal to
1~l (s~ u) and (,./ T~ T . r( s h hu I ~ ~-i ~ , O~ C c,bl L i x  

I-i c . 2 J r . . ’  l.odv diagram of a spring element.

froun t- l t-ruu- i it ~~r v st rengt iu of i i t tu : r i , u l - ~ for mt utilas t h u -
re lations 

- the s direction yields

0/” r3’u ,i I - ~)~4u ,tf (7 ’U-
~

=
~
(
~ 

C(iSiam _CO5’a) (21) -

~~~

- 

Ox~ 0 5 0 ’  
= 

,u ae ’ (27)

and 
s , ~ 5. 

while a summation of mornemits about 111 i - usk  aids
Sina i CoSa i —Sifla CoSts ). (22) 07’ 02u OT 0’~ Mr’ O’~-— -- -+----t - ---- =— —- . (28)

Dy a suitable combinat ion of Eqs. III, 11 , 17 , and 18, ~~ ~~ ‘ 0$ Ox’ 1, &‘

the functions / and g in l h. 8 and 9 a ic found. The i~ ~ equations , the small d i t- gu-  in ua ! i us  r lots
results are been neglected. In t ertils of the d iunc - ri ut i le-s var ii t~L- -.

~~~~~~~~~ sitio~~ costs ) sincs~ — — -(I +u)~~ xtunm - f - coSO) 
2= i/h, f~~ n h , ~~= a/ h , ~ r~’ I ,

El I—f r 1 = 1 , (31/r e ’ / / ~

(I +)  cos’a costu Eqs . 27 arid 28 can be wri t te n
4 - -- (23)

[1 —( I  4 s ) ’  sin’aj t I +r r’ si” a’i~ r t OF O’~ O’ü
and - - - - —- - - - 1 - - - = (30)

El Ot 02’ i-i 0$ 0I~ Of’
Ti’ I
—‘=-----—---(I +o) sin’a[(I 4- t)(fl c lub, , -

~ c r o . —t oSa] and 
~ OT o’a r OT O’ m - O’iiJ +P — — - - - - 4- - — — (31)

+~$ sina -f-cosa)[ I —(1 +. ’ s iu i ’i j  E’ a~ 02’ 1I 05 022 atI

—[ 1 —(1+.)’ sin~cmj l ciis~ci (24) Ihest se om id-order cou1ihu’d clif l c mc nttal equations are
n ’nlimiear , since t he coeflmc ients arc ’ Iun t i o m i s of the

It should be borne in mind that l q- . 23 and 24 have Strains and 
~ ; -x phic it ly , one obta i ns frot u i l i~s 23

been derived by considenimug the total deflection of the :umid 2-1 by partial ditT erenit iation
spring of length It. It is assume d in Sec. I If , however , -
that these equations can In’ tised to compu te F and T r’ 0/’ 

- 
— p

at any section of the spring in the dynaiiiie case in 
~~~~ 

-

~~~ 

‘— W sina i osim) Su ms j—~--~fismna+CO5a )
Icrimis of and 5, as long s’ one associates wills m and $
the local strains ros in

— 0  ‘0 + - — —— —
~~~

— , (32a)
and - ‘ ‘  [I —(I  +u)’ sin ’cI] t

5” rOdm/u9x. (26)
OF r OT (1-4-o ) cos’a

- — ------= —--—~~sin’aB. Equations of Motion El 85 El O~ [1 —( l+o) ’  smn maj t
(‘ons idt ’ rah ion of the variations of 1” antI T with co~ sposition k’adc to the equatIons of m otIon for a tvp ii uI — — ---—- - — - - - (I +o)(fl sinn+coscm) , (32b) —

spring cleru iemi t (see I- ig 2).  A summation of forces In i +r I +r
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~~0.Ci0 020 O.~e0 060 0.50 ~~ ~ mot ionJ~~~’- —- ———-—----—- --.------——— $ 4C,

u(x ,0)—xA/ h , v(x,0)=0, 0�x�h ; (34a,b)I, 81
Ou 8v‘

~T -
~~~~~ 

(Eq 3~c)—\~ 
—(x ,O)~~O, —(x ,0)=0, 0<x <h, (35a ,b)
81 81

In Eq. 34a , the displacement u(h ,0) , namely ~, may he
§ § regarded as being imposed by a mechanical stop.
d ~~~~~~~~~ ~~~~~~~~~~~~~~~~~ a ‘J’he end of the spring at x= 0 reniains fix ed for all

t ime : 
u(0,1)=0, v(0,1)=0, 1>0, (36a,b)Et~~~ e

while the end at x = h is impacted axiall y by a projectile
~ 2

of mass rn , and is assunscd not to rotate :
‘a

O’u(h ,l)
0 0  I ~~.! 

I F(h ,t) =— m—--— --—- , v(h,I)=O, 1>0. (37a,b)
Lune~~. Eqs 33 I1= = Nonhr*~~ band - I
wid t h corresp onds 1 

~ Of course , the impact velocity of the projectile must also
j  ~ be prescribed :to —O2~~ft ’c O2 I

(Ou/Ol)(h ,04 )=  —v o. (38)

§ § It is anticipated that , at a certain instant in t ime, the
a — _~~~~~~~ __ ~~~~ _. ~ impacted end will return to its initial position Af ter

this instant , the projectile is no longer in contact with ,
r5 dF r O T— 

~~
j- ‘~~~~

- (Eq 32b) -7 the spring, so that Eq. ,17a no longem applies ; rather ,

— 4 ~ owing to the presence of t he mechanical stop, either
‘ 0 00 0.20 O. u#0 0.60 050 ba

COMPRESSIVE STRAIN ( -e )  u(h ,1)=a or F(h ,l)= 0, (39a ,b)

I- ic. 3. Dependence ot ¶h e c oeftic ient s iii the wave equations on the latter condition holding only if and when dynamic
the s tra ins and p. ~~~~ 10, ~~O.29-) separation occurs.

and II. NUMERICAL RESULTS
r O T  p

— - —=sinaul —-— —(1+.)’ siniaI (32c) A. Examination of Coefficients
El 0$ L I +t’ it is interesting to note that for springs of im m oderat e

It may be seen from Eqs. 32 that when the strains helix angle (say a~- 0,1), the coefficients 0l’ /Om , eR .,

are small, i.e., appearing in the equations of motion , Eqs. 30 and 31,
,~ <1, $l~<1, (33a) are rather insensitive to the magnitude of the stra ins

and 5, at least in the range of compressive axial s t r a i u i
t he coe fficients have the approximate values (—1 < <0). SIR’ if uca l lv , in Fig. 3 one set-s that ‘-“ ith

,2 
~~~ ,. ~ 

the exception of t h e  small ‘‘ cross ternis” O’l’;O and
—~~‘sinaI i —— eosin), (33b) ol”/ O5 , th ese coefficient s (lii not 5-a ry more than a

El ai ‘uS I +r few percent Irons their rot responding values at zero

Ti 8,,’ , 
~~~~~ 

,~ 
stra in, given liv Eu1 33. (Note that only 0/’ , Os shows

— - —  = - -— -- - -~~~~- — — —  sin’a coso, (33c) any significant dependence on the rotational strain $.)
I’.! 8$ F! O 1+m’ Ncvcrtheless , it w as anticipated that use of the g -ru u - r al

and nonconstami coeflicic’ n ts ( I -  i 32) would lie rc-q ,r i t  c i i  h i s
r 07’ / r

— ——~~sina( i—_ ~
_ sin ,

a) 
describe the epring response au :e t i r r t lu ’ Iv , and for this

El 05 \ 1+m’ 
‘ reason a generally apphi able numerical solution

tcchniqtme was sought.
If the ss - himit imig s- ,uluucs are eniploycd in place of the
actt mal nonco nss tatst coefficients, the equations of motion, B. Finite—Di~ erence Solution
J- qs 30 and 31 , are rendered linear .

Of time methods available , the method of finite
diff eremu .c,s i seemed the simplest to use, Spatial antiC, Initial and Boundary Conditions
tc ims poral second - order ccnt ral difference fo rtot ilrts

The specific prohilent of interes t is a spring which at were tised fur all the second partial dci va t  lvi’s appear- —
1 0 is coniptessu-d uniformly, is untwisted, and is ing in Eqs, 30, 31, and 37. The fi rst-order difference
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‘ - t rCt5ufl1 t ,tC5c~’u1 (,~ I,~ — (i (i3) ~t rr1 is-n —

part ni s~ iii pm i;,’s tn Ri ~. . i s  ,mme fm p, i, a i i  I I I ‘,,m , - ‘ 
, 

i i ’ g is u-n iii i 4i I

ic lat ions 1w t i - i  in i t ia l  t r i t r l i t r i t s , l- .~ -_ 3S a i d  1~~, I ii i t t ~u i  h u g  ni l — s  s t - I s  ui~i an init ial W i u V c f r s i t i t

w t i r  in t u -g t . i t ~~l ,-sp II - iIl~ u~ i-r the l i t  - i t o ot-  s te p ,  w i t  h is ~h i , i iV i r t  - Ii’-’ . t i ~~i- limo -ar hi-i t is I t  i~~ i i - ’  1
a f t ,  r who h th~ gciier.cl s u i l i t l r~~ i w ,is allowed to ittarij i and t i e  n i t i t i  -.~> mimm ~ i i imt I ~~~ rt ih i i u n  is l i i i ,  sif ui i f u u r t m i
forward iii t i t t i ’ s t ua i n .  :~ll m t - t i -i hi - il wavt ’f ru~nts ~

i t -
~~ 

t hropi , h i i  - i t - - of
The h u h - a  i i t .~ -~ ‘t  ii~ 1 uara i mm i -tcms wc -r ( ’ it~ u-d - n i i t i u t t i ( ’ t r  i i i  - - t rain i i r a, - i  m m . i i i  iii a-~ j 2 ’  t i l v  ih,~

h 18 1 in 
ali lui-a r i i t i s u l - . 1 :  t i t , i ~~ it to the ‘ i r  h i -  r m , m /

_s h it’ is .s v, ( i u u m i t ’ -. .i~~
() t i n )  in. ( r  irt . c il ,c r w lu- ) , A t i t i ’ - , iii I - , tit i i t ~c .c~~i h u r t  duipi -. in ( s t  - p - i

_ _ t f  iii., art- ~r ’ -  I I ii~ i i  i~~~~~ ’ ‘ l i - u i  is~~~u ’  1 .  ci i i  - l,~ u f u u i — , u u J

t h u  i . i . l b m I  nt f . ,s ’ ’  is-au ’ ted a i l  t l i ’ -  ~~~ i\ i n

L 30X Ii) ’ lii in ‘, (p ~~ 
i tig ,‘i1u,it ( i i i ’ , I ~f i  i l  I , iinc - us - -I ~ P i t

V - (I sj (Ii it ’ m u t t  i i- ’, ii he vat . i , i’ -~ I- , / , 3,~ 0/, , / u an

l,u- h h u i l - , - i .  I i i i ,  u i u . i - . m , .iui ,I ,, ‘ i S P - u i i
M I.h ) ~ >~ 

l i t  II, ‘ u - , ’ i i i ,

m 1.67 x lU lb sec~ in. I / ~ / ‘.l~ slit ,
i ,‘~~~ - — ~~~~— —  l i i i )

to 27 S in - u ’  Mi ’ ,(f r ’ 1-4 k
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~~~~~ 
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~‘ ,-I u i t s  ~~ ~~ - ‘ l i m~ l1,il’ . i ts-1 l lii ihh ( 1 . i h i s  .il ’ ut~ f t ’

C. Results It- - i t- i  us .,’,i li nt ‘~uru ,- i t  is t he- ax ial il is l,i.cr s i r i s - i l  U
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u u T 1 l t i ,  t i r e  ‘ I uu v ,  ~ ,tv s- ’ ,j iu , ’ i
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,n0~uu it! - , is the l u ruu ju - i tiP’ tc t t t ta l l ) in , uim I.uu a - ii ( i ll  sl it
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l it , S Ex pe ri nu en ta il v oh itairued streak photograph of a spring lig htl y precompres sed (,s /i~~ —0.03 ) anst inmpacted au th  a project i le .
Parani rters are ps -rn in 1’.ui 40.

velocities and light preconipressions , occurs again and B. Results
again with some regularity for times greater than that In Figs. S and 6, just as iii I ig. 4 , t Ime bottons lineshown in Fig. 4. represents t he fixed end of the spring as a function ofRemarks aluout use of the nonlinear theory are made t ime, while the top line represetsts the position of thelater in the paper; no results based on the nonlinear impacted end. The series of paralle l lilies on the k-It -
th eor y will be presented. However , it should be repeated hand side correspond to the iind isturbt-d i n i t ial positionst hat the funitc-di llcience technique outlined above can of all the coils in t h e  l)remorlm llressed conf~gui rat ion , andha n d le  the nonlinear case as well as the linear one. the black streak labeled - ‘project ile ” corresponds to

III. EXPERIMENT the trace of the 2-in -hong projectile as a fun ction of
tune. 

‘ -It is interesting to compare the results of the linear If one’s attention is confined to Fig ~s alone, it istheory to actual streak photographs of impacted observed that all the features predicted lu ~ the linear
springs, such as that shown in Fig. 5. for a spring and theory are found experi m ental ly:  a strai ght init ial
ptojvet it e having the properties, F~q. 40. wavefront , seemingly curved reflected wuvefronts ,

A. Experimental Setup approximately two interactions nI reflected v- avel ronts
with the projectile , amid d~- na n mmc se paration shortl~Several ret outs like those shown in Figs. 5 and 6 after t im e projectile leaves Ftirthermore , the linear

i t i- r r  obtained us it h the aid of a streak camera of the theory predicts accurately the wavespeed associatedrot ~it ing drum t~ pc In the experimental settmp, a w ith jum uips in the ax ial ve loc ity , the mna ’iimnunm l)enelra-
h u s u n  i/u,u it ;ii rod st i~quorted the spring specimen and the t ion of the projectile , and the ti m e of projectile contact.th ic k-walled cylindrical projectile axially, One end of In Fi g 6, however , where the Inagnit titles of the
t im e spring w ,i ’, rigidly fixed, while the end facing the precompmession and impact velocity are considerably
pro je ch lie was brotight to its precompressed position by greater than those in Fig .5 , there is evidence of contactm ea ns of a thin washer and a retaining plate through between adjacent coils , This contact phenomenon ,which the projectile could pass freely. The optical which was not considered in the development of thea i ms of the cantera was h orizontal and perpendicular to theory, accounts for the curved m u m !  wavefront andthe spring ;t ’, i s ;  at any instant in time, only a series of the near~vert icai reflected wavcf ront at the fixed end,dots coric’spsmdui ug to the instantaneous positions of
all the coils appc uu i-s i on the photographic paper IV. CONCLUSIONS
%~ r i ( up td  around the drumni . ‘I’o trigger t he shutter on 

‘ ‘ —t he itmera snumt ~tbk’ sk -i. v rircti its were cons t ru-ted For moderate hclit angle a, it has been shown that
and s u mit hroniii I wi th a photocell monitoring the path the linear theory developed in this naper is adequate
of the projecti le j tmst Prior to impact. for describing thc dynamic spr mumg r~s1,onse as long as
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Fm. 6. Strea k phomogTsph of t Ime same sp ring and proj ectil e as in Fig. 5 , but w ith a larger precompres.sion (AJh~ —0.39) and larger
impac t velocity Os. 3th0 in/sec )

the coils do not touu h one another. Specifically, the of the U. S. Army Weapons Command at Rock Island
good agreemiuent between theory and experiment (Figs. Arsenal, Illinois, for their support.
4 and 5, respectivel y) indicates that one max’ use the
linear theory even when the displaccm c’mmts are large
and the axial strains vary between zero and minus - ‘ & : E. H. Love , A Treatise o’n the 1..! athemalucol Theory of

‘
- - 

Idesticmt y (Dover , New York , h92 7 ) , 4th ed.
one-half , approximate ly. I C. I. Johnson , Tra um y . ASM L 71 , 215 - 226 (1949)

One would expect , however , that for large helix ‘ ) .  Dick , TIme - ng inc er 204 , 193 - 195 Ph Aug. 1957)

angles and/or large positive axial strains, the linear : ~ ~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~ 5, 260-267
theory may no lomiger hold adequately, and in this (1953).
case Eqs. 30 and 31 would have to be solved in con junc- (1~~~ ~ 

Durant , Quart , 3. Mech. Appi. Math. 13, 251- 2 56
tion with the nonlinear fort’e-dispiacenscnt relations, ~~~~~~~~~ J. Sound Vibr ation ii, 1 - 15 (1968).
Eqs. 32. W. G. B. Br itton and G. 0. Langley, J. Sound Vibration 7,

417-430 (1968).
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